Abstract. In this manuscript we show that the second Feng-Rao number of any telescopic numerical semigroup agrees with the multiplicity of the semigroup. To achieve this result we first study the behavior of Apéry sets under gluings of numerical semigroups.
Introduction
We begin with a brief introduction to how generalized Feng-Rao distance and Feng-Rao numbers arise in coding theory. Feng-Rao numbers are invariants of numerical semigroups, which may be associated to an algebraic code. However, having established this broader context, all of our work relates to finding formulas for Feng-Rao numbers over certain important classes of numerical semigroups.
Let F q be the finite field with q elements, where q is a prime power. Let R be the affine coordinate ring of a curve over F q that is absolutely irreducible, nonsingular and with a single point at infinity. Denote the point at infinity by Q, and let P = (P 1 , . . . , P n ) be a list of F q -rational points on the curve. The evaluation map ev P : R → F n q is defined as ev P (f ) = (f (P 1 ), . . . , f (P n )). Let v Q : K → Z be the discrete valuation at Q, where K is the quotient ring for R, and define L(aQ) = {f ∈ R | v Q (f ) ≥ −a}. The set Γ := −v Q (R) is a numerical semigroup; see [RG] for the definitions and basic properties of numerical semigroups. For a in Γ, let C a be the orthogonal linear space of ev P (L(aQ)) (with respect to the usual dot product). This vector space is called the one point algebraic code defined by R, a and P.
The minimum distance of the code C a has a lower bound given by the FengRao distance [FR] of a + 1, given by δ F R (a) = min{#D(b) | a ≤ b, b ∈ Γ}, where D(b) = {c ∈ Γ | b − c ∈ Γ} denotes the set of divisors of b in Γ. Let C and g denote respectively the conductor and genus of Γ. Then for a ≥ 2C − 1 we have δ F R (a) = a + 2 − 2g, which is referred to as the Goppa bound. A natural generalization of the Feng-Rao distance is the following. Take a sequence a 1 < · · · < a r of r elements in Γ, and define D(a 1 , . . . , a r ) = r i=1 D(a i ). The r th generalized Feng-Rao distance of a + 1 is defined below and gives a lower bound for r th generalized Hamming weights over the code C a [HP] . δ r F R (a) = min{#D(a 1 , . . . , a r ) | a 1 , . . . , a r ∈ Γ, a ≤ a 1 < a 2 < · · · < a r }.
As with the case where r = 1, [FM, Theorem 3] shows that for fixed r the asymptotic behavior of δ r F R is linear. In particular for all a ≥ 2C − 1 we have δ r F R (a) = a + 1 − 2g + E(Γ, r) for some constant E(Γ, r), known as the r th FengRao number of Γ. In [FM, Proposition 5] it is shown that for r ≥ 2, we have 2 ≤ E(Γ, r) ≤ ρ r , where ρ r is the r th smallest entry of Γ. Clearly, E(Γ, 1) = 1. As an alternative approach in [DFGL2, FM] it is shown that E(Γ, 2) can be formulated in terms of Apéry sets. In particular
is the Apéry set of an integer x with respect to Γ. Originally in [A] Apéry only considered the case where x was an element of Γ. Since then natural generalization were introduced in [FM] and [GL] , which extended the study of Apéry sets to consider Ap(Γ, x) for any integer x. In the first section we derive various elementary properties of Apéry sets, which are then used to develop formulas for Ap(Γ, z) and #Ap(Γ, z) when Γ is a gluing of more primitive numerical semigroups. These formulas were the key to proving our main result, and should prove useful in other areas of research where numerical semigroups play a role.
Previously the cases where the second Feng-Rao number of a numerical semigroup was known were fairly limited. In [FM] it is shown that when Γ is two generated, the second Feng-Rao number is precisely the multiplicity of the semigroup; that is, we have E(Γ, 2) = ρ 2 . Later in [DFGL2] this result was generalized to show that for every r and every two generated numerical semigroup we have E(Γ, r) = ρ r . A formula for the r th Feng-Rao number was also calculated for the family of numerical semigroups generated by intervals [DFGL1] . Additionally an expression for E(Γ, 2) has been found for the case where Γ is inductive [FG] .
It is often the case that properties of two generated numerical semigroups generalize to the class of complete intersection numerical semigroups or more generally to the class of symmetric numerical semigroups. However, even restricting to three generated complete intersection case, there are examples where E(Γ, 2) = ρ 2 ; see for instance Example 15. A relevant subclass of complete intersection numerical semigroups is the class of telescopic numerical semigroups, which were introduced by Kirfel and Pellikaan in [KP] in order to study Feng-Rao distance. This family contains the numerical semigroups associated to an irreducible plane curve singularity, which were introduced by Zariski in [Z] . For some time computer evidence has suggested that E(Γ, 2) = ρ 2 whenever Γ is telescopic. In our case we used the GAP [GAP] package numericalsgps [DGM] that implements procedures from [AG] to calculate E(Γ, 2) for all telescopic numerical semigroups with genus less than 150. Later with the help of auxiliary results on Apéry sets over gluings of numerical semigroups, we were able to prove that for every telescopic numerical semigroup the second Feng-Rao number of the semigroup agrees with its multiplicity. It is our hope that the results from our first section will also prove useful in deriving a formula for E(Γ, r) for telescopic numerical semigroups and in more general cases.
Gluings and Apéry sets
In order to exploit the formulation of the second Feng-Rao number in terms of Apéry sets, we develop some basic properties of Apéry sets and then show how they behave under gluings. We begin with some standard definitions, which mirror the notation in [RG] . Let N denote the non-negative integers. A numerical semigroup is a set of the form Γ = n 1 , . . . n m := n 1 N + . . . + n m N where n 1 , . . . , n m are positive integers, such that gcd(n 1 , . . . , n m ) = 1. The set A = {n 1 , . . . , n m } is said to be the minimal generating set for Γ provided that Γ := A = A \ {n i } for any i. Let Γ 1 and Γ 2 be numerical semigroups, and choose a 1 ∈ Γ 2 and a 2 ∈ Γ 1 , such that gcd(a 1 , a 2 ) = 1 and neither a 1 nor a 2 are minimal generators. Then the set Γ = a 1 Γ 1 + a 2 Γ 2 is again a numerical semigroup, referred to as a gluing of Γ 1 and Γ 2 .
We can say more than [CGM, Proposition 1] or [FM, Proposition 18] .
Lemma 1. Given a numerical semigroup Γ and an integer x, we have # Ap(Γ,
with equality precisely when x is in Γ.
Proof. We restrict to the case x > 0 and the general case follows by replacing
In each congruence class i modulo x there is a smallest element g i in Γ. Since x > 0 we have g i − x is also congruent to i, and smaller than g i ; hence g i − x / ∈ Γ and g i ∈ Ap(Γ, x). If x ∈ Γ, then g i + nx ∈ Γ for all n, and so these are the only elements in Ap(Γ, x), thus # Ap(Γ, x) = x (this is a standard argument). If x / ∈ Γ then there exists n > 1 minimal such that nx ∈ Γ. Thus 0 and nx are both in Ap(Γ, x) and in the same congruence class modulo x. It follows that x / ∈ Γ implies # Ap(Γ, x) > x.
Let z i0 > z i1 > · · · > z in be all integers such that i + z ij x ∈ Ap(Γ, x). For all j ∈ {1, . . . , n} there exists a unique integer w ij with z i(j−1) > w ij ≥ z ij such that i + w ij x ∈ Γ and i + (w ij + 1)x / ∈ Γ. The elements of the form i + w ij x are precisely the elements of Ap(Γ, −x) modulo i. Thus Ap(Γ, −x) contains exactly one less element than Ap(Γ, x) in each equivalence class modulo x. Hence # Ap(Γ,
It turns out that the function #Ap(Γ, * ) : Z → Z is subadditive.
Lemma 2. Let Γ be a numerical semigroup. Then we have the following. (a) For
, and the union is disjoint.
. Otherwise z − x ∈ Γ and z − x − y / ∈ Γ; hence z − x ∈ Ap(Γ, y) and z ∈ (x + Ap(Γ, y)). Thus we have the containment Ap(Γ, x + y) ⊆ Ap(Γ, x) ∪ (x + Ap(Γ, y)). This produces the inequality in (a) and one of the necessary inclusions for (c).
Since #Ap(Γ, * ) is subadditive, it follows that d( * , * ) satisfies the triangle inequality. From Lemma 1 we have
which is clearly symmetric, non-negative and zero only when x = y.
It remains to show the other inclusion of sets for part (c). Let
and z ′′ − g − h / ∈ Γ. Since g ∈ Γ it follows that z ′′ ∈ Γ, and thus z ′′ ∈ Ap(Γ, g + h).
It is well known that if Γ = a 1 Γ 1 + a 2 Γ 2 is a gluing of numerical semigroups, then Ap(Γ, a 1 a 2 ) = a 1 Ap(Γ 1 , a 2 ) + a 2 Ap(Γ 2 , a 1 ); see [RG, Chapter 8] for details. However, this is not sufficient for our purposes. Ideally for an arbitrary integer z we would like to find a simple formula for Ap(Γ, z) in terms of Apéry sets over Γ 1 and Γ 2 . The search for such a formula is the focus of the remainder of this section.
Lemma 3. Let Γ = a 1 Γ 1 + a 2 Γ 2 be a gluing of numerical semigroups. Setting
Proof. The first equality below follows from the fact that a 1 a 2 is in Γ. Similarly the last equality relies on the fact that a 2 is in Γ 1 and a 1 is in Γ 2 . The second equality relies on the formula Ap(Γ, a 1 a 2 ) = a 1 Ap(Γ 1 , a 2 ) + a 2 Ap(Γ 2 , a 1 ), and the third equality is straight forward to check.
In the next Lemma note that n ≤ 0 ⇐⇒ −z ∈ Γ ⇐⇒ Ap(Γ, z) = ∅. In our formula it is clear that n ≤ 0 implies Ap(Γ, z) = ∅, since the union is vacuous in that case.
Lemma 4. Let Γ = a 1 Γ 1 + a 2 Γ 2 be a gluing of numerical semigroups. Any integer z can be uniquely expressed as z = a 1 z 1 + a 2 z 2 + na 1 a 2 for −z 1 ∈ Ap(Γ 1 , a 2 ), −z 2 ∈ Ap(Γ 2 , a 1 ) and n ∈ Z. In this case we have the formula
Proof. Note that − Ap(Γ 1 , a 2 ) and − Ap(Γ 2 , a 1 ) each contain exactly one element per equivalence class modulo a 2 and a 1 respectively. Thus by the Chinese Remainder Theorem the expression for z is unique.
When i ≤ 0 we have −(z 1 + ia 2 ) ∈ Γ 1 , and thus Ap(Γ 1 , z 1 + ia 2 ) = ∅. Similarly when i ≥ n + 1 we have Ap(Γ 2 , z 2 + (n + 1 − i)a 1 ) = ∅. Therefore it suffices to show that Ap(Γ, z) = i∈Z a 1 Ap(Γ 1 , z 1 + ia 2 ) + a 2 Ap(Γ 2 , z 2 + (n + 1 − i)a 1 ).
For a fixed i suppose that x 1 ∈ Ap(Γ 1 , z 1 +ia 2 ) and x 2 ∈ Ap(Γ 2 , z 2 +(n+1−i)a 1 ). Then x := a 1 x 1 + a 2 x 2 ∈ Γ. Using the notation in Lemma 3 we have
Since x − z ∈ S it follows that x ∈ Ap(Γ, z), and the union on the right is contained in Ap(Γ, z).
Suppose that x ∈ Ap(Γ, z). Since x ∈ Γ we can write x = a 1 x 1 + a 2 x 2 with x 1 ∈ Γ 1 and x 2 ∈ Γ 2 . Since x − z / ∈ Γ we have x − z ∈ S = a 1 S 1 + a 2 S 2 + a 1 a 2 . Hence
For some s 1 ∈ S 1 and s 2 ∈ S 2 . As gcd(a 1 , a 2 ) = 1 by congruency there exists i ∈ Z such that x 1 − (z 1 + ia 2 ) = s 1 and x 2 − (z 2 + (n − ia 1 )) = s 2 + a 1 . It follows that x 1 ∈ Ap(Γ 1 , z 1 + ia 2 ) and x 2 ∈ Ap(Γ 2 , z 2 + (n + 1 − i)a 1 ), and the result follows.
Remark 5. Let z = a 1 a 2 . Using the notation from Lemma 4 we have z 1 = 0 and z 2 = 0 and n = 1, and it follows that
Thus we recover the formula for the previously known special case.
The next result will prove useful for simplifying the union in Lemma 4 in some special cases.
Lemma 6. Let Γ be a numerical semigroup. Choose x ∈ Z and y ∈ Γ. Then
Proof. First we will show that each of the sets in the union on the right is contained on the left side. Suppose that z ∈ Ap(Γ, x). Since z − x / ∈ Γ we have z − x − y / ∈ Γ. Thus z ∈ Ap(Γ, x + y). Suppose z ′ ∈ (y + Ap(Γ, x)). Then z ′ − y ∈ Ap(Γ, x); hence z ′ − y ∈ Γ and z ′ − y − x / ∈ Γ. Since y ∈ Γ we have z ′ = z ′ − y + y ∈ Γ. Thus z ′ ∈ Ap(Γ, x + y). Lastly suppose that z ′′ ∈ Ap(Γ, y) ∩ (x + Ap(Γ, y)), Then z ′′ ∈ Ap(Γ, y) implies that z ′′ ∈ Γ. Also z ′′ −x ∈ Ap(Γ, y) implies that z ′′ −x−y / ∈ Γ. Thus z ′′ ∈ Ap(Γ, x + y). Let w ∈ Ap(Γ, x + y). Assuming w / ∈ Ap(Γ, x) ∪ (y + Ap(Γ, x)) it suffices to show that w ∈ (Ap(Γ, y) ∩ (x + Ap(Γ, y)). Since w ∈ Γ, and w / ∈ Ap(Γ, x) we have that w − x ∈ Γ. Thus w − x ∈ Ap(Γ, y) and w ∈ x + Ap(Γ, y). Since w − y / ∈ Ap(Γ, x) and w − x − y / ∈ Γ we have w − y / ∈ Γ. Thus w ∈ Ap(Γ, y) and the result follows.
Remark 7. In Lemma 6 we get two special cases:
For a gluing Γ = a 1 Γ 1 + a 2 Γ 2 the next result produces a simple formula for Ap(Γ, z) in the case where z is divisible by a 1 . Proposition 8. Let Γ = a 1 Γ 1 + a 2 Γ 2 be a gluing of numerical semigroups. Then given any z ∈ Z we have Ap(Γ, a 1 z) = a 1 Ap(Γ 1 , z) + a 2 Ap(Γ 2 , a 1 ).
In particular
#Ap(Γ, a 1 z) = a 1 · #Ap(Γ 1 , z).
Proof. If −z ∈ Γ 1 , then both sides of the equality yield ∅, so the result holds in that case. Otherwise there exists n > 0 such that −z + na 2 ∈ Ap(Γ 1 , a 2 ). Hence a 1 z = (z − na 2 )a 1 + na 1 a 2 , and Lemma 4 yields the first quality below. The second equality comes from substituting j = n − i.
j=0 a 1 Ap(Γ 1 , z − ja 2 ) + a 2 Ap(Γ 2 , (j + 1)a 1 ). Now it suffices to prove the following inclusion for j = 1, . . . , n − 1.
By Lemma 6 we have
Since ja 1 / ∈ ∆(Ap(Γ 2 , a 1 )) ∪ {0}, we have Ap(Γ 2 , (j + 1)a 1 ) = {0, a 1 } + Ap(Γ 2 , ja 1 ) by Remark 7. This gives us the first equality below.
The last equality above comes from applying Lemma 6 with x = z −ja 2 and y = a 2 . Thus the first equality in the proposition follows.
To prove the second equality in the proposition, take w 1 , w ′ 1 ∈ Ap(Γ 1 , z) and w 2 , w ′ 2 ∈ Ap(Γ 2 , a 1 ). Assume that a 1 w 1 + a 2 w 2 = a 1 w ′ 1 + a 2 w ′ 2 . Then a 2 w 2 ≡ a 2 w ′ 2 mod a 1 , and as gcd(a 1 , a 2 ) = 1, this implies that w 2 ≡ w ′ 2 mod a 1 . Since every element in Ap(Γ 2 , a 1 ) corresponds to a different class modulo a 1 , we deduce that w 2 = w ′ 2 . Hence w 1 = w ′ 1 . This proves that # Ap(Γ, az) = # Ap(Γ 1 , z)# Ap(Γ 2 , a 1 ). As a 1 ∈ Γ 2 , we obtain the desired formula.
By combining Lemma 2 with Propostion 8 we get an expression for the Ap(Γ, z) when z ∈ Γ.
Corollary 9. Let Γ = a 1 Γ 1 + a 2 Γ 2 be a gluing of numerical semigroups. Let
Since #Ap(Γ, g) = g for any g ∈ Γ, it follows that the union in Corollary 9 is disjoint.
Theorem 10. Let Γ = a 1 Γ 1 + a 2 N be a gluing of numerical semigroups, and let z be an integer. Expressing z in the form z = a 1 α + a 2 β with 0 ≤ β < a 1 and α ∈ Z we have Ap(Γ, z) = (a 1 Ap(Γ 1 , α)+a 2 {β, . . . , a 1 −1})∪(a 1 Ap(Γ 1 , α+a 2 )+a 2 {0, . . . , β −1}),
Proof. When β = 0 the result is a special case of Proposition 8. If β > 0, then there exists n ∈ Z such that −(α − (n − 1)a 2 ) ∈ Ap(Γ 1 , a 2 ). Since β − a 1 ∈ Ap(Γ 2 , a 1 ), Lemma 4 gives us the first equality below. The second equality below comes from substituting j = n − i.
The third equality above is clear. The fourth equality follows from the inclusion
which is an application of Remark 7 (2). By applying Ap(Γ 1 , α) ⊆ Ap(Γ 1 , α + a 2 ) we obtain the inclusion
Also the relation Ap(Γ 1 , α) + a 2 ⊆ Ap(Γ 1 , α + a 2 ) gives the inclusion
By removing these redundancies we obtain the first equality in the theorem.
Notice that for all X, Y ⊆ Z the sets (a 1 X + a 2 i) and (a 1 Y + a 2 j) are disjoint whenever i and j are not congruent modulo a 1 . Applying this fact to the first equality in the theorem we obtain the second equality. 
Feng-Rao numbers and free numerical semigroups
Recall that the second Feng-Rao number of a numerical semigroup Γ can be computed as
To realize the second equality above notice that for x ≥ m(Γ) we have # Ap(Γ, x) ≥ x ≥ m(Γ). We say that Γ is free if either Γ is N or it is the a gluing of a free numerical semigroup with N (these semigroups were introduced by [BC] ). Analogously, a numerical semigroup Γ is telescopic if either Γ is N or Γ = a 1 Γ 1 + a 2 N is a gluing with Γ 1 telescopic and a 2 > a 1 n for each minimal generator n of Γ 1 .
Theorem 12. Let Γ = n 1 , n 2 , . . . , n m be a telescopic numerical semigroup with n 1 < · · · < n m . Given z ∈ N we have #Ap(Γ, z) ≥ n 1 ⌈ z nm ⌉; hence E(Γ, 2) = n 1 . Proof. First note that the result is clear in the case where Γ = N. In this case we have m = 1 and n 1 = n m = 1. Suppose that the result holds for m-generated telescopic numerical semigroups and that Γ is an (m+1)-generated telescopic numerical semigroup. Then Γ = a 1 Γ 1 + a 2 N is a gluing of a telescopic numerical semigroup Γ 1 = n 1 , . . . , n m with N such that a 1 n 1 < · · · < a 1 n m < a 2 (in the case where m = 1 we simply have a 1 n 1 < a 2 with n 1 = 1). We may write z = a 1 α + a 2 β with 0 ≤ β < a 1 .
First suppose α ≥ 0. Theorem 10 gives us the first step below.
Step 2 uses the induction hypothesis, and every other step either uses elementary operations or the inequality a 1 n m < a 2 .
Using c := a 2 − a 1 n m > 0 we get the fourth step below. If we solve z = a 1 α + a 2 β for β we get β = 
⌉ for all z ∈ N the theorem holds for the case with m + 1 generators, and the result follows.
By [RG, Chapter 8] a numerical semigroup Γ = N is free if and only if there exists an arrangement of its minimal generators (n 1 , . . . , n e ) such that for d i := gcd(n 1 , . . . , n i−1 ) and c i :
and c i n i ∈ n 1 , . . . , n i−1 for i ∈ {2, . . . , e}. In this case we will say that Γ is free with respect to the arrangement (n 1 , . . . , n e ).
Lemma 13. Let Γ = a 1 Γ 1 + a 2 N be a gluing of numerical semigroups and z a positive integer. We may write z = a 1 α + a 2 β with 0 ≤ β < a 1 and α ∈ Z. Then we have the following:
• If α > 0 (this includes the case β = 0), then #Ap(Γ, z) ≥ a 1 E(Γ 1 , 2).
• If β ∈ {2, 3, . . . , a 1 − 2}, then #Ap(Γ, z) > a 2 .
Proof. By Theorem 10, we have the first step below.
. The second step above follows from Lemma 1. The third step follows from the assumption z = a 1 α + a 2 β > 0, and the last step is elementary algebra.
If β ∈ {2, 3, . . . , a 1 − 2}, then a 1 ≥ 4. Since β(a 1 − β) has a unique local maximum
Theorem 14. Let Γ be a free numerical semigroup with respect to the arrangement (n 1 , . . . , n e ) of its minimal generators. If ci−1 ci n i ≥ n 1 for i ∈ {3, . . . , e}, then E(Γ, 2) = m(Γ).
Proof. For e = 1 we have Γ = N. For e = 2 the result is known to be true; see for instance [DFGL2] . Suppose that e ≥ 3 and that the result is true for the case with e − 1 generators. Then E(Γ ′ , 2) = m(Γ ′ ) = n1 de since the sequence of c i 's for Γ ′ is that of Γ after removing the last one. Note that c e = d e . We have that Γ = c e Γ ′ + n e N. We have E(Γ, 2) ≥ min{c e E(Γ ′ , 2), (ce−1)ne ce } by Lemma 13. Note that c e E(Γ ′ , 2) = n 1 = m(Γ) and by hypothesis (ce−1)ne ce ≥ n 1 = m(Γ). Thus E(Γ, 2) ≥ m(Γ). Since we always have E(Γ, 2) ≤ m(Γ), the result follows.
If we remove the condition ci−1 ci n i ≥ n 1 , it may happen that E(Γ, 2) < m(Γ). Example 15. Let Γ = 4, 5, 6 . Then Γ = 2 2, 3 + 5N is a gluing of numerical semigroups. Notice that Γ is free but not telescopic. Also Remark 16. It is possible to apply Theorem 10 iteratively to find explicit formulas for #Ap(Γ, z) when Γ is a free numerical semigroups with more than two generators. However, the complexity of these formulas tends to increase exponentially with the number of generators.
For example suppose Γ = a, b, c is a three generated complete intersection numerical semigroup (and thus free). Then up to a permutation of the generators we may write a = σx, b = σy and c = c x x + c y y where σ, x, y > 1, x > c y ≥ 0, c x ≥ 0, gcd(x, y) = 1 and gcd(σ, c) = 1. Given any integer z we may write z uniquely as z = z σ σ + z c c with 0 ≤ z c < σ, z σ = z x x + z y y and 0 ≤ z y < x.
If z y + c y < x, then #Ap(Γ, z) may be expressed as (σ − z c ) (x − z y ) max{z x , 0} + z y max{z x + y, 0} + z c (x − z y − c y ) max{z x + c x , 0} + (u y + c y ) max{z x + c x + y, 0} .
If z y + c y ≥ x, then #Ap(Γ, z) may be expressed as (σ − z c ) ((x − z y ) max{z x , 0} + z y max{z x + y, 0}) + z c ((2x − z y − c y ) max{z x + z x + y, 0} + (z y + c y − x) max{z x + c x + 2y, 0}) .
